Running title: Triple quantum nutation in two-level system. ABSTRACT The authors present the detailed theory and the new results associated with the triple quantum (TQ) nutation and the line narrowing effect of the TQ resonance in the two-level NMR system which we reported previously. The TQ resonance is induced in the spin-locked system by the oscillating field produced by the sinusoidal phase modulation (PM) of the RF field. The theory predicts that the TQ nutation is accompanied by several higher frequency oscillations, and we detected them experimentally by improving the detection system. These higher frequency oscillations are due to the fluctuation of the angle between the transverse or effective field causing the TQ nutation and the RF field. We obtain the result that the modulation index m ϕ 2 m of the PM is the key parameter that essentially controls the conditions of the TQ resonance and the narrowing effect. Under the exact TQ resonance, the ratio of the TQ resonance frequency to the Larmor frequency of the RF field depends only on ϕ , and the secular part of the magnetic dipole Hamiltonian of a like spin system in the triply rotating frame disappears at a particular value of m ϕ . The condition is different from that of the well-known magic angle condition.
INTRODUCTION
The development of line narrowing method is one of the subjects of study which have been attracting large interest in solid NMR. So far, various artificial line narrowing phenomena have been reported, such as magic angle nutation (1) , magic angle spinning (2) , and the phenomena produced by multiple pulse methods (3) .
Recently, we found another type of line narrowing that is produced by a triple quantum (TQ) resonance in a two-level NMR system (4) . The TQ resonance is caused by the cooperation of the rotating and the counter-rotating components of the oscillating field as illustrated in Fig.1 . The TQ resonance induced by the oscillating field at a particular frequency and a particular intensity produces a TQ transient nutation of an extraordinary long decay time.
The theory that we have developed to explain the narrowing effect shows that the long decay time is explained by the disappearance of the secular part and the very small nonsecular parts of the magnetic dipole Hamiltonian. (4) This type of narrowing is not a straightforward TQ analog of the usual magic angle narrowing (1) .
The theory also shows that the TQ nutation signal is accompanied by some higher frequency oscillations. However, the higher frequency oscillations were not observed in a previous work, (4) and also, no observation of such higher frequency oscillations has so far been reported, to our knowledge. The present paper is the first and detailed report on the theoretical and the experimental investigations of the higher frequency oscillations. We succeed in the observation of the higher frequency oscillations by improving the detection system.
The situation that we consider is the TQ resonance of a like nuclear spin 1/2 system which is spin-locked (5, 6) by an RF field at exact resonance. The TQ resonance is caused in the rotating frame by the oscillating field induced perpendicular to the RF field by the sinusoidal modulation of the RF phase.
Under the usual experimental condition, the frequency of the oscillating field is in the range of low frequency (LF), and therefore, we refer to the oscillating field as an LF field. Since the intensity of the LF field is not so small compared with that of the RF field, the rotating wave approximation is invalid for the LF field; in other words, the counter-rotating component of the LF field becomes effective.
We developed the theory of the TQ resonance with transformations of the density matrix equation of motion to a multiple-rotating frame, which enables us to pictorially understand the spin behaviors in the presence of the LF field.
The higher frequency oscillations are interpreted as a result of the fluctuation of the angle between the transverse or effective field causing the TQ nutation and the RF field. Although many theories on the multiple quantum resonance in the two-level system have so far been developed using various approaches, (7) (8) (9) there are few theoretical developments with several successive transformations to rotating reference frames, to our knowledge. Boscaino et al. used such a kind of transformation method to explain double quantum nutation phenomena (10) . However, our theory is not an extension of theirs because the mechanism of the TQ resonance is different from that of the double quantum resonance, which requires an oscillating field parallel to the predominant static field.
In Sec.2, we explain the theoretical approach of the TQ resonance in detail.
We obtain the result that the modulation index of the phase modulation (PM) of the RF field is the key parameter that essentially controls the TQ resonance condition and the narrowing condition. In Sec.3, the experimental method for the verification of the theoretical approach is described. We use two kinds of methods of settling down of the RF phase after the PM; the one, which is an improved method, is used to verify the present theory, and the other for , where γ is the gyromagnetic ratio of the nuclei and ϕ ω β
The total Hamiltonian in the laboratory frame is
where D jk is a geometrical factor of a well-known form. (11) We neglect the counter-rotating component of the RF field and the nonsecular part of the magnetic dipolar Hamiltonian as usual under the condition that the static field ω 0 /γ is much larger than 2ω 1 /γ and the local field. To make the normal rotating component of the RF field time-independent, we transform the Hamiltonian ℋ 0 (t) to that in the phase-modulated rotating frame using the unitary operator
and obtain , [4] ( [9]
We tilt the first rotating frame using ) exp(
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Now, we make some approximations as follows under the condition that the angles θ and α are small. Since the static term is regarded as an unperturbed Hamiltonian in this reference frame, the third and the fourth terms showing the interactions of the spin system with the oscillating fields along the static field can be neglected. The fifth and the sixth terms indicate the interactions with the field that rotates inversely with respect to the nuclear precession around the second effective field and with a very weak oscillating field, respectively. Therefore, these time-dependent terms are negligible even if , Thus, the most probable resonance is produced by the second term when . [16]
We may call the resonance a TQ resonance because ω 2 satisfying Eq. [17]
The second and the third terms in Eq. [17] present the shift of ω 20 from ω 1 /3 (corresponds to Δ/3 in Fig.1 ). Equation [17] is consistent with theoretical results derived by Ahmad and Bullough (8) and Swain (9) .
The effects of the TQ resonance are described with the following static 
, and
which is the initial density matrix of the spin system in the original rotating frame under the high temperature approximation. In the calculation of M z (t), we replace
H by its secular part as usual, which is the static part of † d
we can express it in a compact form as
where, [23] ). ϕ and ω 1 /ω 20 as seen from Eqs. [9] and [13] , and the resonance condition [16] presents the relation between m ϕ and ω 1 /ω 20 (see Eq. [17] ). Therefore, the angles θ and α at the exact resonance depend only on m We next comment on the dipole Hamiltonian jz  kz  jx  ky  jy  kx  jx  k  j  kz  jz  jk   I  I  I  I  C  I  I  I  I  B  I  I  I  I  A  D 2  2  8   3   2  2  1  32   3  2  2  1  32   9   2  2  2  2  32   3  1  2  1  32   3   2  2  2  16   3  2  3  1  2  3  1  32   1 
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The coefficient (B-A)/2 is equivalent to K in a previous work. applied the PM not only to the RF field but also to the reference signal for the phase sensitive detection. We adopted two kinds of the methods for settling down the RF phase after the PM pulse (see Fig.4 ). In the method I [PM(I)], the RF phase is kept constant in order to detect the solid echo signal at the RF phase just after the PM pulse. By this method, the time 
[28]
The angleσ r (t), which is the angle between the r-axis in the triply rotating frame 
We here ignore the higher frequency oscillations around ω 2 , 3ω 2 for various values of m ϕ at ω 1 /2π= 60, 65 and 70 kHz by assuming an exponential decay ( ) as shown in Fig.9 , and confirmed that the We finally consider the more general case including TQ off-resonance with
. The Hamiltonian
is also written in the same form as Eq.
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with the coefficients A # , B # and C # corresponding to A, B and C in (7) d H .
Therefore, the secular and the nonsecular parts of (7) ω ω / , and the coefficients A, B and C in (7) d H . Therefore, the secular part of (7) 
